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Field electron emission from single-walled (5,5) carbon nanotubes was simulated with a quantum chemistry
method, emphasizing the effect of distance between the anode and apex. The emission probability and the
field enhancement factor were obtained for different anode-apex separations with two representative applied
macroscopic fields. The quantum chemistry simulation was compared to the classical finite element calculation.
It was found that the field enhancement factor was overestimated by about a factor 2 in the classical calculation
(for the capped carbon nanotube). The effective work function lowering due to the field penetration into the
apex has important contribution to the emission probability. A peculiar decrease of the effective work function
with the anode-apex separation was found for the capped carbon nanotube, and its quantum mechanical
origin is discussed.

I. Introduction

Excellent field electron emission (FE) property of carbon
nanotubes (CNTs) has been observed experimentally. It has
shown a number of potential applications such as in flat panel
displays,1 miniature high brightness electron sources for electron
microscopy,2 parallel e-beam lithography systems, and the
scanning tunneling microscopy (STM).3,4 Generally people
believe that the high aspect ratio of the CNT would lead to a
great enhancement of local electric field near the apex, which
would significantly reduce the thickness of the electron potential
energy barrier between the CNT and the vacuum (hereafter,
simply named as “the barrier”) and thereby favor electron
emission. In most setups for FE, the distance between the emitter
and anode is large so that the finite distance effect can be
ignored. However, as the longitudinal length of an emitter made
of CNTs is of order of micrometers that could be comparable
or even larger than the distance between the apex and anode,
the location of the anode relative to the apex would have
significant influence on the FE process. For application in STM,
or in the future possible integrated devices with built in FE
function, the anode-apex distance should be important.

Recently, some research had been done on the effect of anode
location on the FE properties. Smith et al.5,6 studied the effect
of anode-cathode distance in a modified scanning electron
microscope based on a parallel plate configuration model,
assuming the emitter is a single-walled capped nanotube. Their
results show that as the separation of the CNT to the anode
increases, the threshold macroscopic field decreases and the field
enhancement factor (FEF) increases asymptotically. Xu et al.7

studied the geometrical enhancement of the FE of an individual

CNT. In their setup, an etched tungsten needle with a CNT fixed
on the end serves as the cathode and a melted gold wire with
a ball-shaped end as the anode. Their experimental results show
that the FEF increases linearly with the anode separations, while
the theoretical calculations show that the nanotube length has
little influence on the FEF. A tip-flat model was proposed to
explain this phenomenon. In fact, the FEF depends on the atomic
structure, such as open or closed cap and single-walled or
multiwalled.8-13 Recent research has shown that the FEF
increases in the hydrogen-terminated open single-walled carbon
nanotube (SWCNT) but decreases in the capped SWCNT, as
the applied macroscopic field increases.14

Most of the previous theoretical studies on the effect of anode
distance were based on classical models. Usually, the finite
element method (FEM) was used. But the classical approach is
not appropriate to deal with the electron structure in nanoscale
in principle. For instance, it is difficult to define the thickness
of an open SWCNT classically. When the anode approaches
the nanotube, the image potential of the anode will cause
electron redistribution in the CNT. Therefore the barrier and
the tunneling probability will be affected. The purpose of the
present paper is to investigate the quantum effect of the anode
distance on the potential energy barrier quantitatively and to
show the quantum contribution via the comparison of the
quantum mechanical results with the classical estimation.

In order to clarify the effect of the electron redistribution
caused by finite anode distance, the present paper should make
use of a molecular/quantum mechanical hybrid method,15-17

which is capable of describing the charge distribution in large
scale while the electron structure at the tip is dealt with quantum
mechanically. To be specific, (5,5) type single-walled carbon
nanotubes (SWCNTs) were considered. The end of the SWCNT* Corresponding author, stslzb@mail.sysu.edu.cn.
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is either open or capped. If the end is open, it is saturated by
hydrogen atoms presumably.

In section II, the simulation method is described briefly. The
calculated barrier, the FEF, and the FE probability are given in
the section III. Section IV is the summary.

II. Simulation Method

Figure 1 shows the ideal setup for FE, where the SWCNT is
mounted vertically on the metal substrate (cathode). The distance

between the anode and apex is denoted by D. The length of the
SWCNT is L. When a voltage is applied between the cathode
and anode, a macroscopically uniform electrostatic field along
the direction of the axis of the SWCNT is built up in the space
between the cathode and anode. The existence of the SWCNT
will change the electrostatic field locally and in the vicinity of
the nanotube. It is expected that the field at the apex is greatly
enhanced. Therefore the barrier between the apex and vacuum
becomes finite and the electrons have opportunity to emit into
the vacuum through the barrier by quantum tunneling. Since
the tunneling probability is extremely sensitive to the barrier, the
apex of the SWCNT should be treated by quantum mechanics.
On the other hand, the part of the CNT on the substrate side
mainly affects the tunneling probability through Coulomb
interaction, so it could be described by a semiclassical method
where the excess charges are treated as point charges. Then the
SWCNT is divided into quantum region and semiclassical
region. The size of the quantum region is yet much larger than
that appropriated for standard ab initio methods. We adopted
the linear scaling algorithm of Zheng et al.15 to simulate this
problem. The key point is to divide the quantum region into
subregions. Each subregion and its adjacent subregion(s) form
a subsystem that is simulated by the modified neglect of
diatomic overlap (MNDO)18 semiempirical quantum mechanical
method. The electron density of the quantum region was
calculated by Yang’s divide-and-conquer method.19 A table-
searching acceleration algorithm was used.20 The coupling of
quantum region and semiclassical region was implemented

Figure 1. Setup for field electron emission of a SWCNT. The SWCNT
is vertically mounted on the metal substrate (left).

Figure 2. The potential energy barriers between the apex of (5,5) SWCNTs and vacuum. The curve of widest thickness is for the anode separated
infinitely from the SWCNT. The others in the order of thickness correspond to D ) 1.0, 0.5, 0.25, 0.1, 0.05, 0.025, and 0.01 µm, respectively. The
dotted line is the Fermi level at -5.08 eV. (a) The open SWCNT for E ) 12.0 V/µm. (b) The open SWCNT for E ) 8.0 V/µm. (c) The capped
SWCNT for E ) 12.0 V/µm. (d) The capped SWCNT for E ) V/8.0 µm.
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through the quasi-thermodynamic equilibrium condition, which
requires a constant chemical potential (Fermi level) in the entire
tube. The Fermi level Ef is below the vacuum potential in the
absence of applied macroscopic field by the work function of
the SWCNT, which is 5.08 eV in our simulation. In the ex-
periment of ref 7, the substrate is made of tungsten whose work
function is 4.5 eV. Hence a Schottky junction will be formed

at the SWCNT-substrate connection. To avoid the complexity
that arose from the Schottky junction, we assumed that the Fermi
level of the SWCNT is aligned with that of the substrate.

The total field acting on the SWCNT depends on the voltage
between the anode and cathode and on the charges in the
SWCNT. The charges in the SWCNT induce image charges

Figure 3. Field emission probability T vs anode distance D: (a) circles, open SWCNT in E ) 12.0 V/µm; squares, capped SWCNT in E ) 12.0
V/µm; (b) diamonds, open SWCNT in E ) 8.0 V/µm; stars, capped SWCNT in E ) 8.0 V/µm.

Figure 4. The FE currents vs applied macroscopic fields: squares, D ) 0.1 µm; stars, D ) 1.0 µm; (a) open SWCNT; (b) capped SWCNT. The
insets are the FN plots.

Figure 5. The field enhancement factor � vs the anode distance D:
squares, capped SWCNT, E ) 12.0 V/µm; circles, open SWCNT, E
) 12.0 V/µm; diamonds, open SWCNT E ) 8.0 V/µm; stars, capped
SWCNT E ) 8.0 V/µm.

Figure 6. The field enhancement factor �1 (as defined in ref 5) vs the
anode distance D: squares, capped SWCNT, E ) 12.0 V/µm; circles,
open SWCNT, E ) 12.0 V/µm; diamonds, open SWCNT E ) 8.0
V/µm; stars, capped SWCNT E ) 8.0 V/µm.
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both in the cathode and in the anode. Therefore, the total field
has three sources: (1) the applied macroscopic uniform field;
(2) the fields of charges in the SWCNT; (3) the fields of the
image charges in cathode and anode. In principle, a point charge
in between two metal plates will have an infinite series of image
charges. But practically, one only needs to consider the first
two levels of the image charges, i.e., two images of the point
charge with respect to two metal plates (the first level image
charges) and the image of the first level image charge on the
opposite metal plate. At the closest distance of interest here,
i.e., D ) 0.01 µm, inclusion of higher level images makes about
a 0.01% difference to the predicted apex field.

Our simulation has the following steps: (1) for a given charge
distribution along the tube (as an initial input), calculate the
electrostatic field of the charges and the image charges; (2)
simulate the SWCNT under the superposition of the applied
macroscopic field and the fields calculated in the first step, to
obtain a new charge distribution in the SWCNT; (3) use the new
charge distribution of the second step as input, repeat the calcula-
tions through the first to the second steps, until the consistent
criterion fulfilled. The consistent criterion is that the charge
distribution obtained in the final step is close to the charge
distribution of the previous step, with the difference less than
1.0 × 10-4 electron charge per subsystem.

The barrier between the apex and vacuum had been assumed
to be the superposition of electrostatic potentials of the applied
voltage, of the core ions, of valence electrons and the induced
electrons in the SWCNT, and of their image charges in the metal
plates. The emission probability is calculated in the JWKB
approximation.21

III. Simulation Results

We simulated the armchair (5,5) open-ended and capped
SWCNT of typical length L ) 1.0 µm. The apex of the open-
ended SWCNT is saturated by hydrogen atoms. For the (5,5)
SWCNT, the radius is r ) 3.44 Å. The applied macroscopic
fields (E) ranged from 8.0 to 15.0 V/µm and various distances
(D) from 10.0 nm to 1.0 µm had been investigated. In our
simulation, the applied macroscopic field had been defined as

where V is the applied voltage between the anode and cathode.
A. Apex-Vacuum Barrier. The potential energy barrier

between the apex and vacuum is presented in Figure 2 ((a) and
(b) for the open SWCNT; (c) and (d) for the capped SWCNT).
For the open SWCNT, the horizontal axis (Z axis) has the origin
at a hydrogen atom of the tube end and is parallel to the tube.
For the capped SWCNT, the Z axis has the origin at a carbon
of the pentagon on the top. The vertical axis is the electron
potential energy. The curve of widest thickness corresponds to
infinite D where the distance of the anode has no effect. The
others in the order of thickness correspond to D ) 1.0, 0.5,
0.25, 0.1, 0.05, 0.025, and 0.01 µm, respectively. The dashed
horizontal line indicates the Fermi level of the SWCNT. The
applied macroscopic field for Figure 2a,c is E ) 12.0 V/µm,
for Figure 2b,d is E ) 8.0 V/µm.

It is found that the potential shape changes with the variation
of the anode distance. The thickness of the barrier is decreasing
with D monotonously. The nonlinear change of the barrier height
(especially that of the capped SWCNT in 12.0 V/µm) is
remarkable. According to the tunneling theory, both lowering
and narrowing of the barrier will cause significant increase of
FE probability. The numerical results of the emission probability
are given in the next subsection B. The thickness of the barrier
and the height of the barrier will be discussed in subsections C
and D, respectively.

B. Characteristic Emission Probability. It is known that
the barrier in the circumambience of the SWCNT is high and
thick;14 therefore electrons would most probably emit forward
from the first layer of atoms of the apex. The transmission
coefficient (T) can be estimated by the JWKB approximation

where U(z) is the electron potential energy, Ef is the Fermi level,
and the integral is over the classical forbidden region (U(z) -
Ef > 0). It is the characteristic emission probability (hereafter

TABLE 1: Field Enhancement Factor � (�1) versus D, in Fixed E ) 12.0 V/µma

ending type 0.01 µm 0.025 µm 0.05 µm 0.1 µm 0.25 µm 0.5 µm 1.0 µm

open FEM � 774.08 688.70 647.61 619.45 599.51 595.70 594.49
quan � 484.65 416.67 379.57 349.85 327.34 317.15 311.41
FEM Es/E1 7.66 16.80 30.84 56.31 119.90 198.57 297.24
quan �1 4.80 10.16 18.07 31.80 65.47 105.72 155.70

capped FEM � 1132.98 978.16 909.91 873.51 848.43 840.77 834.21
quan � 650.93 510.73 447.60 397.73 364.18 348.00 340.63
FEM Es/E1 11.22 23.86 43.33 79.41 169.69 280.26 417.10
quan �1 6.44 12.46 21.31 36.16 72.84 116.00 170.32

a Where � ) Es/E and �1 ) Es/E1, with Es the local field on the apex (see the text). Entries labeled with FEM (quan) are calculated via the
Finite Element Method (Quantum Chemical Simulation).

Figure 7. Potential height vs the anode distance D: stars, capped
SWCNT, E ) 8.0 V/µm; diamonds, open SWCNT, E ) 8.0 V/µm;
squares, capped SWCNT, E ) 12.0 V/µm; circles, open SWCNT, E
) 12.0 V/µm.

E ) V
L + D

(1)

T ) exp[-2
p
∫ √2m[U(z) - Ef] dz] (2)
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simply referred to as emission probability) of electron with axial
kinetic energy equal to the Fermi energy and is proportional to
the emission current. The emission current of the CNT is
estimated by

where qexe is the extra charge of the first layer atoms and ν is
the collision frequency which can be estimated from the average
kinetic energy of π* electrons with ν ) Ek(π*)/h, it is
approximately 1014 Hz.15,16

The computed emission probabilities for the open and capped
SWCNT under the applied macroscopic fields 12.0 and 8.0
V/µm are presented in parts a and b of Figure 3, respectively.
The logarithmic scale is used for the probabilities. In the same
applied macroscopic field and the same apex-anode distance,
the emission probability of the open SWCNT is larger than that
of the capped one. In the higher field (12.0 V/µm), the
probability of the open SWCNT could be 1 order higher than
that of the capped SWCNT. It should be related to the nonlinear
behavior of the barrier height. We will come back to this point
in subsection D.

Our calculated results confirm the anticipation that the
emission current increases as the anode plate approaches the
CNT. The emission probability increases rapidly with decreasing
D, due to the barrier lowering and narrowing. To show the field
dependence on emission current, we simulate the FE for E )
10.0, 11.0, 12.0, 13.0, and 14.0 V/µm, with D fixed to be 0.1
and 1.0 µm. The currents are given in Figure 4a for the open

SWCNT and Figure 4b for the capped SWCNT. The corre-
sponding Fowler-Nordheim (FN) plots are given as insets.

With higher applied macroscopic field, the lowering of the
barrier caused by field penetration should be more significant.
Therefore the FN plots are obviously nonlinear, which is
different from the FN theory.

C. Field Enhancement Factor. Denote the field at the
steepest descent point of the barrier in the outer side of
the barrier as Es. The FEF of the present paper is defined as the
ratio of Es over the applied macroscopic field E, i.e., � ) Es/E.
This definition reflects the thickness of the barrier. The
simulation results for two values of E are presented in Figure
5. As expected, the thickness of the barrier is thinner in higher
applied macroscopic field E. The thickness is decreasing with
the separation D monotonously. As a consequence, the FEF �
decreases as D increases. This effect occurs because, in the
system configuration described, the FEF is a function of the
apex-anode separation D. Therefore, if we consider a fixed
value of applied macroscopic field, then the barrier field (i.e.,
the field that determines the tunneling barrier) becomes a
function of the apex-anode separation.

If we used the same definition of applied macroscopic field
as ref 5, then our �1 ) Es/E1 with E1 ) V/D should have
qualitatively the same behavior as �1 of ref 5. Comparison shows
that our simulations and those of Smith et al.5,6 do exhibit the
same qualitative trend, i.e., �1 increases with D (Figure 6), even
though the anode geometry is different in detail (their anode is
not a plane).

Figure 8. The energy levels of the apex subsystem: (a) open SWCNT in E ) 12.0 V/µm; (b) open SWCNT in E ) 8.0 V/µm; (c) capped SWCNT
in E ) 12.0 V/µm; (d) capped SWCNT in E ) 8.0 V/µm.

I ) νqexeT (3)
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In literature, the finite element method (FEM) is often used
to obtain the electrostatic potential in large scale.7 The field
enhancement factor � (�1) is calculated with the FEM. The
results of various D under the fixed E ) 12.0 V/µm are
compared with those obtained via the quantum chemistry
simulation in Table 1. In the FEM calculation, the open SWCNT
is treated as a metallic empty cylinder with wall thickness 3.5
Å. The capped SWNT was treated as a metallic solid cylinder
with a hemisphere cap. It was found that � (�1) obtained via
the FEM (the entries labeled by FEM) is significantly larger
than the corresponding value obtained via the quantum chemistry
simulation (the entries labeled quan). In the FEM calculation,
the � ) Es (L + D)/V and �1 ) Es D/V, with Es the classical
steepest decreasing field on the outer side of the barrier (image
potential has been included). The definition of �1 coincides with
that given in ref 7.

D. Barrier Height. The effective work function Weff is
related to the barrier height H via Weff ) H - Ef. The barrier
height versus the anode distance D is given in Figure 7 for E )
12.0 and 8.0 V/µm. For the same anode distance D, the barrier
height for stronger applied macroscopic field (E ) 12.0 V/µm)
is lower than that of the weaker one (E ) 8.0 V/µm). When
the applied macroscopic field is fixed, in most cases the barrier
height decreases as the anode approaches the SWCNT. But there
is an exception: the capped SWCNT in E ) 12.0 V/µm (squares
in Figure 7). It is decreasing with D increasing peculiarly.

To explain this interesting exception, we plotted the energy
levels of the apex subsystem in Figure 8 against the separation
D. In Figure 8c for the capped SWCNT in E ) 12.0 V/µm,
one sees that an energy level sinks down the Fermi level in D
∼ 0.025 µm. As a consequence, two more electrons will appear
in the apex. They raise the potential energy of electron in the
barrier region and give the unusual change of the barrier height
as in Figure 7 (squares).

IV. Summary

Field electron emission of single-walled (5,5) carbon nano-
tubes 1.0 µm long with various anode distances has been
simulated by a multiscale quantum chemistry method. The
apex-vacuum electron potential energy barrier and the emission
probability have been calculated. It is found that the steepest
decreasing slope of the electron potential energy barrier near
the apex (the local field) is decreasing; hence the field enhance-
ment factor defined as the ratio of the local field over the applied
macroscopic field is also decreasing, with increasing distance
between the apex and anode, when the applied macroscopic field
(defined as the ratio of the cathode-anode voltage over the
cathode-anode distance) is fixed. With this condition, the
emission current is also decreasing with increasing apex-anode
separation. Our result is consistent with the experiment of
Bonard et al.22 The variation trend of the field enhancement
factor against the anode separation is also consistent with refs
5, 6, and 7, but different definitions of the field enhancement
factor should be distinguished carefully.

The simulation reveals the quantum mechanical origin of the
nonlinear behavior of the potential energy barrier against the
apex-anode separation. For the carbon nanotubes, the barrier
height and barrier thickness, as the two most important features
of field emission probability, incorporate quantum contributions
which cannot be explained by the classical theory. As evidence,
the present paper has shown that the barrier height (equivalently,
effective work function) depends on both the applied field and
the apex-anode separation. In the capped SWCNT with the
field of 12.0 V/µm, we found that the barrier height increases
as the apex-anode separation decreases. It indicates that an
energy level crosses the Fermi energy level in certain separation.
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